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Relativistic Einstein-Podolsky-Rosen correlations and localization
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We calculate correlation functions for a relativistic Einstein-Podolsky-Rosen-type experiment with
massive Dirac particles. We take the influence of the Newton-Wigner localization into account and
perform the calculations for a couple of physically interesting states.
PACS numbers: 03.65 Ta, 03.65 Ud
Relativistic Einstein-Podolsky-Rosen-type (EPR-type)
correlations have attracted a lot of attention in recent
years (see, e.g., Refs. [1–5] and references therein). Such
correlations are especially interesting in systems of mas-
sive particles. In this case relativistic spin correlation
function can be a nonmonotonic function of particle mo-
menta [6] (in contrast to the case of photons, where po-
larization correlations behaves like spin correlations in
nonrelativistic quantum mechanics [7]). However, previ-
ous discussions did not take into account the localization
of EPR particles inside detectors. Such a localization
usually accompanies the spin projection measurement.
The main purpose of our paper is to include the local-
ization in the discussion of EPR-type spin correlations.
However, there are some issues we have to overcome.
First of all, various spin operators have been used in the
discussion of relativistic correlations (see, e.g., Refs. [8–
12]). Secondly, the notion of localization is not well-
defined in relativistic quantum mechanics [13]. These
two problems are connected because spin can be defined
as a difference between total and orbital angular mo-
mentum [Eq. (8)], where orbital angular momentum is
defined with the help of position operator, see also [6].
In our recent papers [14] we have shown that the most
apriopriate spin operator is an operator connected with
the Newton-Wigner (NW) position operator [15]. On the
other hand, NW position operator, although noncovari-
ant, seems to be the best proposition for a relativistic
position operator. Therefore, in this paper we use the
NW localization and the corresponding spin operator.
We consider EPR correlations in a scalar state of two
spin-1/2 particles assuming that spin projection measure-
ments take place in finite-volume regions (detectors). We
derive a general formula for the correlation function and
then consider some special cases.
The carrier space H of the unitary representation of
the Poincare´ group for spin 1/2 is spanned by the eigen-
vectors of four-momentum Pˆµ. These states are denoted
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as |p, σ〉, σ = ±1/2 and are normalized as follows:
〈p, σ|k, λ〉 = 2p0δ3(p− k)δσλ. (1)
Under the action of the Lorentz group the basis states
transforms as
U(Λ)|p, σ〉 = D
1/2
λσ (R(Λ, p))|Λp, λ〉, (2)
where D1/2 is the spin-1/2 representation of the rotation
group and R(Λ, p) is a Wigner rotation.
Lorentz-covariant singlet two-particle state has the
form (see e.g. [1])
|ϕ〉 =
∫
d3k
2k0
d3p
2p0
ϕ(k, p)Mσλ(k, p)|k, σ〉 ⊗ |p, λ〉, (3)
where ϕ(k, p) is a scalar function and for the particles
with the same mass m the matrix M reads:
M(k, p)σλ = −i
(
2m
√
(m+ p0)(m+ k0)
)−1
×
([
(m+ k0)(m+ p0)− k ·p− iσ · (k× p)
]
σ2
)
σλ
.
(4)
In the above equation σ = (σ1, σ2, σ3) and σi are the
standard Pauli matrices. For the details on the definition
and properties of Lorentz-covariant states we refer the
reader to [1].
It is well-known that the spin square operator can
be uniquely defined in terms of the generators of the
Poincare´ group as
Sˆ
2
= −
1
m2
WˆµWˆµ, (5)
where Wˆµ is the Pauli-Lubanski four-vector: Wˆµ =
1
2ǫ
ναβµPˆν Jˆαβ , and Jˆαβ are the generators of the Lorentz
group. In spite of that the definition of the relativistic
spin operator has been widely discussed in the literature
(see, e.g., [8, 9, 14, 16, 17] and references therein). In
the enveloping algebra of the Lie algebra of the Poincare´
group we can define a relativistic spin operator
Sˆ =
1
m
(
Wˆ− Wˆ 0
Pˆ
Pˆ 0 +m
)
. (6)
2This operator is linear in the components of Wˆµ, trans-
forms like a vector under rotations and like a pseudo-
vector under reflections, commutes with space-time ob-
servables and fulfills the standard canonical commutation
relations (for the details see, e.g., [17]). Moreover, it has
been shown [18] that the spin operator (6) is equivalent
to the action of the mean-spin operator introduced by
Foldy and Wouthuysen [16] in the Dirac theory.
The action of the operator (6) on the basis vectors is
the following:
Sˆ|p, σ〉 =
σσ′σ
2
|p, σ′〉. (7)
On the other hand, spin can be defined as a difference
between total and orbital angular momentum
Sˆ = Jˆ− Xˆ× Pˆ, (8)
where Jˆ i = ǫijkJˆjk and Xˆ is a position operator. How-
ever, there does not exist unambigously defined position
operator in relativistic quantum mechanics [13]. The best
proposition seems to be the Newton-Wigner position op-
erator [15]. It appears that when we insert the Newton-
Wigner position operator as Xˆ in Eq. (8) than the re-
sulting spin operator coincides with the spin defined in
Eq. (6).
For further convenience we briefly remind some proper-
ties of the Newton-Wigner position operator. Arbitrary
one-particle state can be written as
|ψ〉 =
∫
d3p
2p0
ψσ(p)|p, σ〉. (9)
The action of the Newton-Wigner position operator on
wave function in the momentum representation has the
well-known form
Xˆψσ(p) =
(
i∇p −
1
2
ip
p2 +m2
)
ψσ(p). (10)
The eigenstates of this operator are
|x, σ〉 = (2π)−3/2
∫
d3p
2p0
√
2p0e−ip ·x|p, σ〉. (11)
Consequently, we introduce a projector on a region Ω
ΠˆΩ =
∑
σ
∫
Ω
d3x |x, σ〉〈x, σ|. (12)
Using Eq. (11) we get
ΠˆΩ =
∫
d3p′√
2p′0
d3p√
2p0
∆Ω(p
′−p)
∑
σ
|p′, σ〉〈p, σ|, (13)
where
∆Ω(p
′ − p) =
1
(2π)3
∫
Ω
d3x e−i(p
′−p) ·x. (14)
Notice that
∆R3(p
′ − p) = δ3(p′ − p). (15)
Spin projection measurement in the direction n in the
region Ω is described by the following observable:
n · SˆΩ =
(
n · Sˆ
)
ΠˆΩ, (16)
where ΠˆΩ and Sˆ are given by Eqs. (12) and (7), respec-
tively.
Now let us consider an EPR-type experiment. That is,
we assume that two particles are produced in the state
(3) and sent to two distant observers, Alice and Bob. Al-
ice (Bob) measures the spin projection in the direction
a (b) provided that her (his) particle is inside the re-
gion A (B). It means that Alice measures the observable(
a · Sˆ
)
ΠˆA while Bob
(
b · Sˆ
)
ΠˆB . The normalized correla-
tion function reads:
CABϕ (a,b) = 4
〈ϕ|ΠˆA
(
a · Sˆ
)
⊗
(
b · Sˆ
)
ΠˆB|ϕ〉
〈ϕ|ΠˆA ⊗ ΠˆB |ϕ〉
. (17)
The form of the denominator in Eq. (17) corresponds to
the fact that we take into account only the pairs that are
actually found inside the detectors and the function has
to be appropriately normalized. Using Eqs. (3,7,13) and
(16) we get
〈ϕ|ΠˆA
(
a · Sˆ
)
⊗
(
b · Sˆ
)
ΠˆB |ϕ〉
=
1
4
∫
d3k′ d3k d3p′ d3p√
2k′02k02p′02p0
ϕ∗(k′, p′)ϕ(k, p)
× Tr
{
(a ·σ)M(k, p)(b ·σT )M†(k′, p′)
}
×∆A(k
′ − k)∆B(p
′ − p), (18)
where Eq. (4) implies
Tr
{
(a ·σ)M(k, p)(b ·σT )M†(k′, p′)
}
= −
(
2m2
√
(m+ p0)(m+ k0)(m+ p′0)(m+ k′0)
)−1
×
{
[a · (k× p)][b · (k′ × p′)] + [a · (k′ × p′)][b · (k× p)]− (a ·b)[(k × p) · (k′ × p′)]
+ (a ·b)[(m+ k0)(m+ p0)− k ·p][(m+ k′0)(m+ p′0)− k′ ·p′]
− (a× b) ·
[
(k′ × p′)[(m+ k0)(m+ p0)− k ·p] + (k× p)[(m+ k′0)(m+ p′0)− k′ ·p′]
]}
. (19)
3The denominator of the right hand side of Eq. (17) takes
the form
〈ϕ|ΠˆA ⊗ ΠˆB |ϕ〉
=
∫
d3k′ d3k d3p′ d3p√
2k′02k02p′02p0
ϕ∗(k′, p′)ϕ(k, p)
× Tr
{
M(k, p)M(k′, p′)†
}
∆A(k
′ − k)∆B(p
′ − p), (20)
where
Tr
{
M(k, p)M†(k′, p′)
}
=
(
2m2
√
(m+ p0)(m+ k0)(m+ p′0)(m+ k′0)
)−1
×
{
[(m+ k0)(m+ p0)− k ·p]
× [(m+ k′0)(m+ p′0)− k′ ·p′] + (k× p) · (k′ × p′)
}
.
(21)
We are now going to consider some special cases of (17).
From now on, we take the wave function ϕ(k, p) to be of
the following form:
ϕ(k, p) = ϕ(k)ϕ(p). (22)
Adopting (22) does not imply that our state is separable
in momenta—entanglement is still present in the struc-
ture of M(k, p), as given by Eq. (4). With this assump-
tion, it is easily checked that (18) and (20) may be re-
duced to products of integrals of three types:
IA1 [ϕ] =
∫
d3k′ d3k (m+ k0)(m+ k′0)√
k0(m+ k0)
√
k′0(m+ k′0)
×∆A(k
′ − k)ϕ∗(k′)ϕ(k), (23a)
IA i2 [ϕ] =
∫
d3k′ d3k ki(m+ k′0)√
k0(m+ k0)
√
k′0(m+ k′0)
×∆A(k
′ − k)ϕ∗(k′)ϕ(k), (23b)
IA ij3 [ϕ] =
∫
d3k′ d3k kik′j ∆A(k
′ − k)ϕ∗(k′)ϕ(k)√
k0(m+ k0)
√
k′0(m+ k′0)
(23c)
taken with appropriate coefficients. For Eq. (18) we have
〈ϕ|ΠˆA
(
a · Sˆ
)
⊗
(
b · Sˆ
)
ΠˆB|ϕ〉 =
−1
25m2
{
(a ·b)
[
IA1 I
B
1 −(I
A
2 · I
B
2 )−(I
A
2 · I
B
2 )
∗+Tr
[
IA3 I
B∗
3
]
+Tr
[
IA3 I
B
3
]
−Tr
[
IA3
]
Tr
[
IB3
]]
− (a× b) ·
[
(IA2 × I
B
2 ) + (I
A
2 × I
B
2 )
∗
]
+ aT
[
IA3 (I
B
3 )
∗ − IB3 (I
A
3 )
∗ + (IA3 )
∗IB3 − (I
B
3 )
∗IA3
]
b
+ εijkεqrsaibq
[
IAjr3 I
B ks
3 + (I
Ajr
3 I
B ks
3 )
∗
]}
, (24)
while for (20) we have:
〈ϕ|ΠˆA ⊗ ΠˆB|ϕ〉 =
1
23m2
{
IA1 I
B
1 − (I
A
2 · I
B
2 )− (I
A
2 · I
B
2 )
∗
+Tr
[
IA3 I
B∗
3
]
− Tr
[
IA3 I
B
3
]
+Tr
[
IA3
]
Tr
[
IB3
]}
. (25)
Now let us consider the simplest case of two particles
with sharp momenta. Therefore, we assume that
ϕ(k, p)→ 2q0aδ
3(k− qa) 2q
0
bδ
3(p− qb), (26)
where by qa and qb we have denoted the fixed four-
momenta of particles a and b, respectively. Thus our
state takes the form
|ϕ〉 → |ϕqaqb〉 =M(qa, qb)σλ|qa, σ〉 ⊗ |qb, λ〉. (27)
The numerator of the correlation function (17) reads:
〈ϕqaqb |
(
a · SˆA
)(
b · SˆB
)
|ϕqaqb〉
=
q0aq
0
b
(2π)6
Tr
{
(a ·σ)M(qa, qb)(b ·σ
T )M†(qa, qb)
}
×Vol(A)Vol(B), (28)
while the denominator has the form
〈ϕqaqb |ΠˆA ⊗ ΠˆB|ϕqaqb 〉 =
4q0aq
0
b
(2π)6
× Tr
{
M(qa, qb)M
†(qa, qb)
}
Vol(A)Vol(B). (29)
By dividing the above formulas we receive
CABϕqaqb
(a,b) =
Tr
{
(a ·σ)M(qa, qb)(b ·σ
T )M†(qa, qb)
}
Tr
{
M(qa, qb)M†(qa, qb)
}
(30)
and inserting the explicit form of the matrix M(qa, qb),
Eq. (4), we finally get
CABϕqaqb
(a,b) = −a ·b+
(qa × qb)
m2 + qaqb
·
(
(a× b)
+
(a ·qa)(b× qb)− (b ·qb)(a× qa)
(q0a +m)(q
0
b +m)
)
. (31)
Comparing the correlation function (31) with the pre-
vious results for the correlation function without local-
ization, [1, 10], we see that for sharp momentum states
4localization inside detectors does not change the correla-
tion function.
Now let us consider more general situation in which
only the directions of particle momenta are fixed. Thus,
let us denote directions of the momenta of the first and
second particle by n and m, respectively. We assume
that the wave function has the following form:
ϕ(k, p)→
√
k0(m+ k0)
k2
f(|k|)δ( k|k| − n)
×
√
p0(m+ p0)
p2
f(|p|)δ( p|p| −m), (32)
where δ( k|k| − n) is a Dirac delta projecting on a fixed
direction, i.e.∫
dΩ(α, β)δ(n(α, β) − n)g(n(α, β)) = g(n), (33)
where dΩ(α, β) is a differential solid angle.
In the considered case the correlation function (17) can
be expressed in terms of the following integrals
IA,n1 =
∫ ∞
0
dt du (m+
√
m2 + t2)(m+
√
m2 + u2)
×∆A((t− u)n)f
∗(t)f(u), (34a)
IA,n2 =
∫ ∞
0
dt du u(m+
√
m2 + t2)
×∆A((t− u)n)f
∗(t)f(u), (34b)
IA,n3 =
∫ ∞
0
dt du tu∆A((t− u)n)f
∗(t)f(u). (34c)
Indeed, in this case integrals (23) are equal to
IA1 = I
A,n
1 , I
B
1 = I
B,m
1 , (35a)
IA i2 = n
iIA,n2 , I
B i
2 = m
iIB,m2 , (35b)
IA,ij3 = n
injIA,n3 , I
B ij
3 = m
imjIB,m3 . (35c)
Therefore, for the correlation function, with the help of
Eqs. (24,25) and (17), we receive
CABn,m(a,b) =
{
− (a ·b)IA,n1 I
B,m
1 +
[
(a ·b)(n×m)2 − (a ·b)(n ·m)2 − 2[a · (n×m)][b · (n×m)]
− 2(a× b) · (n×m)(n ·m)
]
IA,n3 I
B,m
3 +
[
(a ·b)(n ·m) + (a× b) · (n×m)
][
IA,n2 I
B,m
2 + (I
A,n
2 I
B,m
2 )
∗
]}
×
{
IA,n1 I
B,m
1 + I
A,n
3 I
B,m
3 − (n ·m)
[
IA,n2 I
B,m
2 + (I
A,n
2 I
B,m
2 )
∗
]}−1
. (36)
It is worth to stress that when m = −n, the above cor-
relation function is equal to
CABn,−n(a,b) = −a ·b. (37)
Thus, for particles propagating in opposite directions loc-
zlization inside detectors does not change the correlation
function.
In conclusion, we have derived the correlation function
in an arbitrary scalar state of two fermions assuming that
spin projection measurement is associated with the lo-
calization of the particles inside detectors [Eqs. (17-21)].
We have also shown that in some situations the localiza-
tion does not change the correlation function. It is the
case when the wave function fulfils the condition (22)
and (i) particles have sharp momenta or (ii) directions of
particles momenta are fixed and correlation function is
measured in the center-of-mass frame.
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